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Intr»dttetlon 

The  penetration  of  lew  frequency  eleetromaKnetlc  waves  into 
eenduetlng  media  such  as  the  sea  er  the  ground  has  received  considerable 
attention  for  undersea  and  geodetic  explorations  as  well  as  for 
communleations.  For  such  applications  the  field  distribution  within 
the  medium  as  well  as  the  distribution  on  the  surface  ef  separation 
with  air  are  of  intercEst.  In  the  following  the  conducting  medium  is 
considered  as  uniform,  unbounded  in  the  horizontal  direction,  and  bounded 
by  a  horizontal  surface  of  given  surface  impedance  at  a  depth  d.  The 
electromagnetic  fields  of  interest  have  very  low  frequencies;  examples 
are  the  fields  at  10  kc  to  20  kc  used  for  navigational  purposes,  the 
fields  produced  by  lightning  or  those  obtained  by  man-made  discharges^^\ 
At  sufficient  distance  from  the  source  these  fields  propagate  as  plane 
waves,  guided  by  the  plane  surface  of  separation  between  air  and 
conducting  medium.  More  rigorously  the  propagation  is  determined  also 
by  the  ionosphere,  but  in  the  following  study  the  effect  of  the  latter 
will  be  neglected. 

(2) 

In  a  previous  paper  the  author  has  analyzed  the  equi¬ 
valent  penetration  depth  of  a  pulsed  d-c  magnetic  field  wavs  into  the 
conducting  medium.  A  more  complete  analysis,  including  consideration 
of  pulsed  a-c  magnetic  field  waves  as  well  as  of  pulsed  d-c  or  a-c 
elec  trie  field  waves  is  given  in  the  following.  Part  of  this  analysis 
war.  developed  in  a  previous  unpublished  report  in  which  the 

application  to  the  design  of  a  system  for  submarine  detection  was 
■  io”.  Loprd,,  i"r.  a  rystem  is  described  in  detail  in  another  paper  of 
the  Seminar 
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1  -  Distribution  of  Steady  State  Sinusoidal  Fields 

With  r«feT«noe  to  a  rectangular  ayatera  of  coordinatea  with 
the  z  0  plane  at  the  surface  of  separation  between  air  and  conducting 
.'.“'Murn  (Fif'urf  i),  a  piine  wave  with  components  E  ,  E  and  is 
'onaidered.  If  0,  jU^  ,  ^  respectively  conductivity, 

permeability  and  permittivity  of  the  dielectric  and  of  the  conducting 
r.cdia,  and  if  it  is  assumed  that  the  media  are  unbounded  except  at 
the  'i~  0  plane,  the  field  distribution  of  a  low  frequency  plane  wave 

propagating  in  the  x  direction  is  expressed  as  follows 
air 
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CQNFiBENTIAL 


(3) 


COMFIBENTIAL 


The  conponent  varies  dlsoontlniously  ffam  z  <  0  to  z  >  0 
decreasing  in  the  ratio  1  Rarthermore,  at  z<  0^  Is  unieh 

smaller  than  E^  and  leads  It  by  TTA  radians;  on  the  other  hand  at 
z  >  0  E  is  much  larger  than  E  _  and  lags  it  by  TT/h  radians.  Without 

X  z 

loss  of  generality  the  investigation  nay  be  cenflnsd  to  the  case  of  a 
plane  wave  of  components  E  ,  H  normally  incident  on  the  z  =  0  surface. 
The  field  distribution  in  the  conducting  medium  is  described  by  the  wave 
equation 


where  the  last  term,  representing  the  displacement  current,  may  be 
neglected  in  general. 

Considering  a  plane  wave  of  type 

H.-  H, 

and  assuming  that  the  conducting  medium  is  bounded  by  a  horizontal 
plane  of  surface  impedance  at  depth  d,  it  is  found  that  the  ratio 
of  the  Fourier  transforms  E  (z,w)  and  H  (z,w)  at  z  s  0  is  expressed 

(0, 

'  C4^k  *  Ei 

CONfliiFNTIAL 


as  fellows 


CONFI®ENTIAL 


wher#  Z 


■if'” 


the  wave  impedance  of  the  conducting  medium. 


In  particular,  If  Z  s.  0,  i.e.  if  the  boundary  is  a  perfect  conductor, 


j 


the  above  ratio  reduces  to  the  expression 

uioM  ‘ 


v;>ie 


Gdrxk^  ^  OOS  ^ 
_ -  iT 

re  is  the  so-called  penetration  depth.  The 


"•..T.ttude  ip.d  vhase  angle  of  the  latter  exi^iression  are  plotted  in 
Fl.Tjre  2  as  functions  of  the  ratio  d/ 1'  ‘  examination  of  Figure  2  shows 
that  the  significant  range  of  vax’iation  of  these  quantities  is  approxi- 
Oit<S.  .  pr.=tlc.l  .pplictton,  ..rmlpg  th.t  th. 
‘rundary  conditions  applies, the  measurement  of  the  magnitude  and/or 
phase  of  (7)  provides  a  means  for  the  determination  of  the  depth  d 
at  which  the  discontinuity  is  located.  More  generally,  if  the  beundary 
has  non  zero  surface  Impedance  Z^,  the  measurement  may  be  ueed  either  te 
d^tpmuine  d,  if  Z  ie  known,  or  Z_  If  d  is  known. 

It  is  of  Interest  to  note  that,  since  H ^  related 

tc  E  in  air  by  the  second  of  eq,8(l),  the  previous  eensider- 

.^tJons  are  leadily  extended  to  the  ratio 


[o,  u,] 


is  measured  In  air  at  the  Z  s  0  surface.  With 


referer;ce  to  eq,  (7)  one  has 

E.,  C'5. 


cr. 
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Oenertlly  the  metaurement  of  E  is  obtained  by  means  of  a  dipole  antenna, 
while  that  of  H  is  obtained  by  means  of  a  loop  antenna, 

A.  tranamisalon  line  analogy  of  the  previous  analysis  is 
Sftt  up,  representing  equation  (6)  as  the  input  Impedance  of 
lino  with  series  parameters  R 'a  0,  L  a  Vi  snd  shunt  parameters 
t’  r  N,  a  “  (3^  N  ^  where  N  is  an  arbitrary  factor.  Alternatively 

er-,  tvi*  I'epresented  as  the  input  admittance  of  a  line  with 
'•'.'Vif' '  parameters  R  ~  <ry  N,  L  5t^//anJ  shunt  parameters  Zs  , 

'i  --  ■  '  (Firpiv  The  use  of  thesy  transmission  lines  permits  the 

.'tlliiratirn  vf  rrnthods  cf  measurement  by  substitution  or  by  comparison, 
thereby  er.hancing  the  sensitivity  of  the  technique.  For  example,  one 
'a  '  va-r  '.;;i  r.aJ  impedance  and  the  distance  d  of  the  analog  line 
unt  il  i;ie  input  impedance  becomes  equal  to  that  measured  at  the  air- 
grucTvi  0.  «ii”S»a  interface.  Similarly,  otner  methods  of  measurement 
.may  readily  be  derived, 

n  ~  nist.ritution  of  Transient  Fields 

r.-.fl  analysis  of  the  distribution  cf  transient  fields  may  be 
pc?  rt'c rrr.e  .1  wj.Pn  a  similar  formalism,  using  Laplace  transforms  of  the  E 
d  f  fiei, fs.  Assuming  that  the  said  fields  are  zero  at  t^O,  the 
en’.-Tt  .o?^  ta  written  as  follows 

EL^.sJ 


:  1 2" 
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E  find  il  (z,;>)  are  the  .baplaco  transforms  of  E  (z,t)  and 

'  ’ ,  '  i- '•  p«.'t.;ve.ly.  ;•  .lotion  of  the  wave  equation 

e  >'  r...  S3  8  .Pirear  yonbinit  Lon  two  exponentials;  if  the 
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presence  of  the  beundery  plane  at  depth  d  with  surface  Impedance 
Is  postulated,  the  surface  Impedance  at  s  “ss-O  is  written  as  fellows 

^  C<r/k  ft^oi  ^  kj(^ 

t^Urt  ?  =  /  itJ-=.  vTs  <r7  # 

In  particular,  If  0,  the  latter  expression  Is  written  more  simply 

as  follows 


Efi,  (10)  represents  a  boundary  condition  of  the  problem,  relating  the 
Ur.  J  ace  transforms  of  E  and  H  at  z  «-  0,  In  particular  If  «s  0,  it 
reduces  the  eq#  (11)^  and  if  d~  OO  ,  It  reduces  to  the  familiar 


The  latter  case  is  generally  more  easily  handled  with  the  available 
Laplace  transform  tables.  For  example,  in  Table  I  the  field  distri¬ 
butions  for  the  cases  of  a  step  d-c  electric  field,  a  step  d-c  magnetic 
field,  a  step  a-c  electric  field  and  a  step  d-c  magnetic  field  are 
riven  in  complex  form  as  well  as  in  the  time  domain.  Stop  electric 
fields  may  be  generated  at  the  z  =  0  surface  using  a  source  of  very  low 
internal  in^edance,  while  step  magnetic  fields  may  be  generated  using 
sj  irces  cf  very  high  internal  impedance.  For  example,  fields  gemrated 
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Applied  Field 

Table  I  -  Field  Dlstributione  at  Depth  •  for  OL  *  ^ 

Field  at  Depth  2 

E  kthiUtu 

Xv 

£J?.t^ -- (^p^'l  Ud) 

f  (»,<•/-•  A&* 
*  i/^r< 

n^t*,i}=  e.,^f‘[-  As«;i  »] 
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by  sources  within  the  atmosphere  may  be  considered  as  step  magnetic 
fields  because  the  wave  impedance  of  air  is  much  larger  that  that  of 
ground  or  sea.  On  the  other  hand  step  electric  fields  may  be  applied 
flt  z  C  by  fteneratinn  a  step  potential  difference  across  two  parallel 
electrodes  located  at  the  z  —  0  surface;  similarly,  stop  magnetic 
fields  may  be  applied  at  z  0  by  generating  a  step  current  in  a  loop 
with  axis  on  the  z  =  0  surface. 


Plots  of  the  field  distributions  for  the  cases  of  step  d-c 
electric  fields  and  step  d-c  magnetic  fields  are  given  in  normalized 
form  in  Figures  It  and  5  using  as  independent  variable  t*  x.  > 

For  a  given  value  of  z,  except  z»  0,  the  abscissas  are  prepertlonal 
to  the  real  time.  For  completion,  the  plots  of  Figures  I4  and  $ 

Include  also  the  distributions  of  pulses  of  nonnalizod  duration  T  U, 
l.e«  of  real  duration  3  where  z  is  a  given  value.  It  is  of 

Interest  to  note  that,  when  a  rectangular  pulse  d-c  electric  field  is 
applied,  the  corresponding  electric  field  is  an  alternating  pulse.  The 
zero  cross-over  point  of  the  latter  pulse  is  a  function  of  the  distance 
z  and  of  the  duration  T^.  Indicating  with  T'  the  time  of  zero  cross¬ 
over,  one  finds  the  follov;ing  relationship 

2X  ^  C>  - 


•2. 

z  - 


‘h 


""he  latter  result  could  be  of  interest  for  application  to  techniques  of 
ranging  or  of  communications  between  two  points  within  the  dissipative 
medliim.  In  fact,  If  a  plane  wave  consisting  of  a  rectangular  pulse  d-c 
mapnetic  field  Is  penerated  at  one  point  and  Is  received  at  the  other  at 
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dlitance  L}  the  meeiureneRt  of  T*  provides  infomation  about  L  if 
it  knem,  or  about  if  L  is  known.  In  addition  radar  like  teohnlquea 
ef  ranging  may  be  applied.  A  nuTierlcal  example  with  medium  corresponding 
to  avpracje  sea  water  with  Hg*!  A/m,  L  sr  100  m, 

T^—  2^  msec  has  been  computed  and  is  plotted  in  Figure  6,  It  is  seen 
that  T'=r  IiO.^  msec  and  that  the  peak  values  of  the  E  and  H  pulses  are 
respectively  1,2  mV/n  and  0,3'j  A/n  at  such  distance. 

Plots  of  the  field  distribvitions  for  the  cases  of  step  a-o 
electric  fields  and  step  a^-c  magnetic  fields  cannot  bo  given  in 
normali?:ed  form,  because  the  fields  are  represented  by  means  of  integral 
expressions,  which  cannot  be  computed  in  terms  of  known  tabulated 
functions.  For  this  reason  a  numerical  example  has  been  comnuted, 
assuming  that  z/^  =  2-  •  The  distributions  of  the 

electric  field  component  versus  ^t  *t  2  =  shown  in 

Figures  7  and  8  respectively  for  the  case  of  an  abmiptly  applied  sine 
wave  £•  and  of  an  abruptly  applied  sine  wave  • 

More  generally,  by  application  of  the  boundary  condition  (10) 
(or  in  particular  (11)),  it  is  possible  to  evaluate  the  diatribution  of 
transient  fields  at  the  z  =s  0  surface  as  determined  by  the  presence  of 
a  boundary  of  surface  impedance  Z  at  depth  z.  However,  the  analysis 

9 

In  general  is  very  cumbersome  and  does  not  lead  to  sufficiently  sinple 
expressions.  If  the  transmission  line  analogy  previously  described  is 
utilized,  the  distributions  may  be  obtained  in  analog  form,  and  may  bo 
applied  directly  for  practical  methods  of  measurement  based  on  sub¬ 
stitution  or  on  comparison  procedures,  similar  to  those  described  for 
the  case  of  steady  state  fields. 
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III  -  ConeluildM 

In  '  ;  p— analyils  the  distribution*  of  steady  state 
and  of  transient  elec trenagne tic  plane  waves  at  the  surface  of  separation 
between  air  and  ground  (or  sea)  have  been  computed.  These  distribution* 
are  Inportant  for  such  applications  as  undorara  and  gobdetic  explorations 
from  points  located  outside  the  conducting  riedia;  the  methods  of  measure¬ 
ment  may  be  sinqplified  by  use  of  a  transmission  line  analogy,  which 
permits  the  use  of  con?)ariaon  or  of  substitution  methods. 

In  addition,  it  u  shown  that, if  a  rectangular  pulse 

d-c  magnetic  plane  wave  is  transmitted  from  a  point  within  the  conducting 
medium  and  received  at  another  point  of  the  same,  the  system  may  be  used 
for  purposes  of  ranging  er  for  purposes  of  cemnunicatlon  between  trans¬ 
mitting  and  receiving  stations. 
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